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Abstract 

The classical (1,0) superparticle in a curved superspace is considered. 
The minimal set of constraints to be imposed on the background for cor- 
rect inclusion of interaction is found. The most general form of Siegel- 
type local fermionic symmetry is presented. Local algebra of the theory 
is shown to be closed off-shell and nontrivially deformed as compared to 
the flat one. The requirements leading to the full set of (1,0) supergravity 
constraints are presented. 

1 Introduction 

In recent years, propagation of the superparticle [1] and of the superstring 
[2] in the presence of external background superfields was intensively inves- 
tigated [3-7]. It was shown in the original paper [3] that the requirement 
of the Siegel's local fermionic symmetry [8] in the d = 10 superparticle 
action (correct inclusion of interaction has to preserve local symmetries of 
a theory) led to some constraints on a background. Namely, the full set 
of SYM constraints arised in the case of SYM background superfield and 
some part of the full set of supergravity constraints appeared in the case 
of a curved background. Different attempts to get the full set of super- 
gravity constraints proceeding from the consideration of the superparticle 
in a curved background were proposed in Refs. [4, 9], 

The straightforward way to get the superparticle model in a curved 
background includes three steps [3] . First of all, the flat action and gauge 
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transformations are to be written in terms of the flat supervielbein. Sec- 
ond, the coordinates and supervielbein are set to be the coordinates and 
supervielbein of a curved superspace. Third, since the resulting action 
doesn't possess any local symmetry except the reparametrization invari- 
ance, it is necessary to demand the fc-transformations (arising at the first 
and second steps) to be a symmetry of the superparticle action. One 
can note, however, that this procedure doesn't guarantee that the aris- 
ing in such a way gauge transformations are of the most general form. 
In the present paper we consider the (1,0) superparticle in (1,0) curved 
superspace. Proceeding from the minimal set of constraints which must 
be imposed on background geometry for correct inclusion of interaction, 
we find the most general form of Siegel's local fermionic transformations 
for the theory. An algebraic structure of the arising transformations is 
investigated and requirements leading to the full set of (1,0) supergravity 
constraints are presented. 

We begin with brief consideration of the model in flat superspace in 
Sec. 2. A full gauge algebra of the theory is shown to be closed off-shell, 
as opposed to the case of another dimensions. In Sec. 3 we examine the 
model in curved superspace within the Hamiltonian formalism and find 
the minimal set of constraints on background necessary for correct inclu- 
sion of interaction. We do these using the Dirac's constraint formalism 
and requiring a correct number of first- and second-class constraints for 
the model. Our analysis here is closely related to that of Ref. [4]. Next, in 
the Lagrangian formalism we reconstruct the most general form of Siegel's 
transformations which are consistent with these restrictions on the back- 
ground. It is interesting to note that the arising transformations contain 
non-trivial contributions including the torsion superfield and don't coin- 
cide with the direct generalization of the flat Siegel's transformations. In 
Sec. 4 full gauge algebra is evaluated and shown to be closed off-shell and 
nontrivially deformed as compared to the flat one. Further, we construct 
the formulation leading to the full set of (1,0) supergravity constraints. 
The full set follows from requirement that the direct generalization of the 
flat gauge transformations is realized in the model. One can note the 
similarity with the (1,0) chiral superparticle [10]. In the conclusion the 
possibilities of extending the results to the case of another dimensions are 
discussed. 



2 Off-shell closure of local symmetries 

We use the real representation for F M -matrices in d — 2 and light-cone 
coordinates for bosonic variables. (1,0) superspace is parametrized by the 

( 6> (+) \ 

coordinates z M = (x + , x~ , 9 a ), where 9 a = ( J is a Majorana- 

Weyl spinor. In these notations the action for the (1,0) superparticle in 
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flat superspace has the following form: 

S = J dre^II+i" (1) 

where we denoted n + = x + — i (9 (+) <9 (+) and e is an auxiliary einbein field. 
The theory possesses global (l,0)-supersymmetry 

88 M =e M , 8x+ = i0 (+ M +) . (2) 

The local symmetries of the model include the standard reparametrization 
invariance with a bosonic parameter a(r). 

5 a 8 + = a8 + , 8 a e = (aey. {) 
and the Siegel's transformations with a fermionic parameter fc'~'(r) 
M<+> =n+fc<->, a*aT=0, 

An interesting property of the superparticle in (1,0) flat superspace is 
off-shell closure of gauge algebra for the model (it is not so for another di- 
mensions). To check this assertion, consider the following transformations 
with a bosonic parameter £~ 

5 s i"=-rn + i;" S^e = £- e 2 (e -1 n + )'. (5) 

It is a trivial symmetry of the action in the sense that it vanishes on-shell 
and, consequently, doesn't remove a number of degrees of freedom of the 
theory. In the presence of this symmetry, however, the full gauge algebra 
turns out to be closed and has the following form: 

a = 2ik < f ) k[- ) H + 
[S kl S k2 ] = 5 a +5i +d k3 , C = 2\k ( 2 ~ ) k[~ ) 

fc<-> =2ik ( - ) k[~ ) e^; 

[m € ] = *«i, er = 2ir 

[hM = *€ S ; ^ = (£r& -€ 2 _ €r)n + ; 

= fci _) =a*(- ) -d*<->; 

[^,5a] = <5 5l , £f = a£~ - 2£~d; 

[S ai , S a2 ] = 8 a3 , «3 — Oll6l\ — Qid2- 

An application of the Dirac procedure to the model (1) leads to the fol- 
lowing constraints system 

P e » 0, P (+) + i0 (+) P+ » 0, P+P- w (7) 

where (P e , P + , P~, P( + )) are canonically conjugate momenta for the vari- 
ables (e,x + ,x~ ,0^) respectively. Specific feature of d = 2 lies in the 
fact that the last condition implies two possibilities: 

a) P+ = 0, P- 7^ and, consequently, all constraints are first class; 

b) P_ = 0, P+ / whence we conclude that P e w and P_ « are first 
class while P( + ) + i#( + 'P + w is second class. 



(6) 
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3 The model in a curved background 

Introducing a set of basis one-forms e A = dz M e M A , where e M A is the 
supervielbein, the extension of the (1,0) superparticle action to curved 
superspace can be written in the form 



dre z cm z ejv (8) 

where M = (m, (+)) are coordinate indices and A — (+,—,(+)) are 
tangent space indices of (1,0) curved superspace. World indices appear 
on the coordinates z M = (x m ,6^) and supervielbein only. 

It should be noted that in the presence of an arbitrary background 
superfield the action (8) doesn't possess any local symmetry except the 
reparametrization invariance (5 a e = (ae)', S a z M — az M ). Thus it is not 
the superparticle model yet. Let us find what constraints on background 
geometry follow from the requirement of correct number of degrees of 
freedom for the theory or, what is the same, from the requirement of 
correct number of first and second class constraints for the model. 

The momenta conjugate to e and z M are 

n> n r> -1 + ■ N - , -1 - ■ N + , n \ 

P e = 0, P M = e e M z e N + e e M z e N (9) 
whence one gets the primary constraints 

P e » 0, P (+) » (10) 
where we denoted Pa = eA M P 



M • 

The canonical Hamiltonian is given by 



H = P e Xe + eP+P-+\ {+ >P i+) (11) 

where A e , are Lagrange multipliers enforcing the constraints (10). 

The graded Poisson bracket has the form 

iAn\ — ( d-A dB . * eA€B+CBeN dB dA . . 

i AB i - ( > Q^N QpN-y-> ^iV QpN ( 12 > 

where ca is a parity of a function A. It is straightforward to check that 

{P A ,Pb} = T AB C P C - (iOAB C - {-T A€B LOBA C ) P C (13) 

where Tab C are components of the torsion two- form 

Tbc A = (-yz^ + ^) ec M eB N (p N e M A + (-y^M+t B ) eM B LJNB A_ 

-(-) e " EM (d M e N A + (-) €M(€N+€B) e N B LOMB A )) (14) 

and ujma B are components of the superconnection one- form which, in the 
case of d = 2, can be chosen in the form [12] 

lu na B =lunSa B N b , N b = (N+,N-,N (+) ) = (1,-1, 1/2). (15) 
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The preservation in time of the primary constraint P e ~ leads to the 
secondary one 

P+P- « 0. (16) 

As in flat case, this condition implies two possibilities which should be 
considered separately. 

Because inclusion of interaction has to preserve dynamical contents 
of a theory (a number of degrees of freedom), in the first case we must 
demand all constraints to be first class. It means that all brackets between 
the constraints have to vanish weakly. Taking into account Eq. (15) and 
the fact that Tab C = — (— Y a<lb Tba C , it is easy to get the following weak 
equations 

{P+,P+} = 0, {P+,P (+) }^T +(+) -p_, 
{ P (+)' P (+)} ~ T (+)(+) P - 

whence we conclude that it is necessary to require the following constraints 
on background 

t h+) ~=o, r (+)(+) -=o. (18) 

In the second case, the constraints P e « 0, P_ « are to be first class 
while the constraint P(+) ~ is to be second class. Evaluating brackets 
between the constraints 

{P_,P_} = 0, {P_,P (+) }^T_ (+) + P + , 

{P( + ),P( +) }«T (+)(+) +P + (y > 

we conclude that they have correct class if the following conditions: 

= 0, T( + )( + ) + = -2i* (20) 

are fulfilled, where $ is a nonvanishing everywhere arbitrary superfield 
(the multiplier -2i is taken for further convenience). 

Thus, a correct formulation for the (1,0) superparticle model in a 
curved background implies Eqs. (18) and (20). 

Now, let us reconstruct local transformations which are consistent with 
Eqs. (18), (20) in the Lagrangian formalism. The following remark will 
be important here. Since eM A (z) and wa(z) are background superfields, 
they transform under arbitrary variation 5z M only through their coordi- 
nate dependence (SeM A = 5z N 5jveM A ). Thus, local Lorentz and gauge 
transformations are not consistent. Following the standard arguments 
[12], we accompany 8z N by compensating local Lorentz transformation 
5eM A = Sz N &NeM A + &l&m A with the fc^-dependent parameter L such 
that the resulting Sem A is Lorentz vector. The results are 

Se M A = 5z N -D N e M A = Sz N (d N e M A + {~Y N{tM+€c) e M c lu nc a ) , 
Slua = 8z N e N B ~D B UA - 8a(5z n e N B cj B )- 

(21) 

Armed with this note, we have for any variation Sz N 

8(z A ) = V{8z A ) - 8z c z B T BC A (22) 
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where i A = z N eN A , 8z A = 8z N e^ A and T>{8z A ) is a covariantized deriva- 
tive 

V(t A )=i A +ez M to MB A . (23) 

Now, it is straightforward to check that the most general (modulo a- 
reparametrizations) transformations leaving Eq. (8) invariant and being 
consistent with Eqs. (18) and (20) have the form 

8 k z M e M M =z M e M + k(-\ 

8 k z M e M a = 0, (24) 
S k e = 2i e <&fc(-'i M e M (+) - eS k z M e M (+) (T +{+) + + T_ (+) "). 

Thus, Eqs. (24) present the most general form of Siegel's fc-symmetry 
for the (1,0) superparticle in (1,0) curved superspace. Note that these 
transformations contain nontrivial contributions including the torsion su- 
perfield and don't coincide with the direct generalization of the flat Siegel's 
transformations. 

The equations of motion for the (1,0) superparticle in a curved back- 
ground have the form 

V(e~ 1 z~) + e- 1 i-z B T B + + + eT x z+i B T B +- = 0, 

-DieT 1 **) + e- x i-i B T B -+ + e^z + z B T B -- = 0, . . 

z-z B T B{+) + + z+z B T B{+) - = 0, (2b > 
z M e M + z N e N - = 

and it is implied that the conditions (18) or (20) (in accordance with the 
case) are fulfilled. 



4 Gauge algebra and the full set of (1,0) 
supergravity constraints 

As was shown in Sec. 2, the full gauge algebra for the (1,0) superparticle 
in flat superspace turned out to be closed. What happen with the algebra 
when the model is considered in a curved background? Introducing the 
following transformations with a bosonic parameter £~ 

s e z M = -ri+re- M , 

% = Ce 2 T>(e- 1 z+) + £-ez+z-T+-++ (26) 
+£-ei+i (+) T (+) _- +Cez + z+T+--, 

it is straightforward to check that the commutator of two fc-transforma- 
tions has the form 

[Gku&kz] = 8 a + 6k 3 +6(, (27) 

a = 2iz + k!f ) k[- ) <f>, C =2ik i 2 - ) k[- ) $>, 
k ( 3 ~ } = 2ik ( - ) k[~h {+) $ -2k ( - ) k[- ) z + T +(+) + - 

- K 2 K 1 Z J (+)(+) 
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To get Eq. (27) it is necessary to use the constraints (18), (20) and the 
consequences of the Bianchi identities (which are solved in the presence 
of (18), (20)) 

2D (+) [T +{+) + + T_ (+) -] + 2i9 + $ + 2i$[T+_- + 2T +(+) <+>]+ 

+ r (+) ( +) (+) [T +(+) + + r_ (+) -] = 0, 
9_$ + $[r + _+ + 2r_ (+) (+) ] = 0, K ' 

d (+) 4> + <i>[T +(+) + +T (+)i+) M] = 0. 

Taking into account Eqs. (25), it is easy to check that the transforma- 
tions (26) are trivial symmetry of the action (8) without imposing of new 
constraints on background. The rest commutators in the algebra are 



[5k, 6(] = Ski + 

k[- ] =ri+i-fc H [r (+) J+»-r- 



(-) -t- *+*-!.(-) fT.., (+)_T, +1 ( 29 ) 



where we have used the constraints (18), (20) and the consequences of the 
Bianchi identities 

R +(+) = D (+) T +- + D + T -(+) + t (+)+ <+)t (+)- + t (+)+ +t +- , 

= D (+) r_ + + + D_T +(+) + + r (+) J+)r (+)+ +- 

- 2i$r_+ (+) +r (+) _-r_+ + , (30) 

#(+)(+) = 2i$T +- -2D( +) T (+) _- -T (+)(+) (+>T (+) _-, 
+ $[T+_+ + 2T_ (+) (+) ] = 0. 

Thus, the full gauge algebra turns out to be closed and nontrivially de- 
formed as compared to the fiat one (6). 

As was noted above, the set (18), (20) is minimal one which implies 
correct inclusion of interaction. In general case, we can add some addi- 
tional constraints to Eqs. (18), (20) and the resulting model will be the 
superparticle in the presence of more rigid (restricted) background. Let 
us examine, now, one of such possibilities. Consider the transformations, 
which are direct generalization of the flat one 

5kZ M e M (+) = i M e M +k(-\ 

S k z M e M a =0, (31) 
8 k e = 2iefc ( -'i M e M (+) ; 



r M — t— ■ M + -N 

d^z e M = —£ z e M z e N 
8 i e = Ce 2 V{e- 1 i M e M + ). 



(32) 



The requirement of the invariance of the action (8) under Eq. (31) leads 
to the following constraints on a background: 

T (+)(+) + = ~ 2i < T (+H+r = T +(+r = T -(+) + = °> 
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while invariance under Eq. (32) implies the conditions 



T (+) _-=T (+) _+=T + - + =T + _-=0. (34) 

Taking into account the symmetry properties of the torsion, the con- 
straints (33) and (34) can be written in the following compact form 

T (+)(+) a = -2iS a+ , T ab c = T a(+) b = 0. (35) 

Because the conditions (18), (20) are present among Eqs. (35), the model 
(8), (31) and (32) is the superparticle. Using the Bianchi identities, it 
is easy to show that the set (35) is equivalent to the full set of (1,0) 
supergravity constraints [12] . In the presence of Eqs. (35) the equations 
of motion for the model are written in the form 

i M e M + i N e N - =0, V(e- 1 z N e N +) = 0, 
i N e N -z M e M {+) = 0, V{e~ l z N e N -) = 0, W 

and, consequently, the ^"-symmetry is absent on-shell just as in flat case. 
The full gauge algebra of the theory turns out to be closed and not de- 
formed as compared to the flat one 

[8k 1 8 k2 ] = S a + 5 k3 + <S{, a = 2i^~ ) fc 1 " ) i+, 

u(-) _ ?;*.(-) *.(-)*(+) 

r=2i*£- ) fc£ -) (37) 
[8k8(] = 6( 1 , |f = 2i*<7>£- 

[8(i, 8t; 2 ] = 8 (3 , |f = (|f if - |f if )z + . 

Thus, the full set of supergravity constraints follows from the requirement 
that the direct generalization of the flat algebra (31), (32) is realized in 
the model. In this case, the algebra is not deformed as compared to the 
flat one. One can note the similarity of this approach with the light-like 
integrability conditions of Ref. [9] . 



5 Conclusion 

In the present paper we have considered the (1,0) superparticle model in 
(1,0) curved superspace. It was shown that correct inclusion of interac- 
tion implies some set of constraints on the background which, in general 
case, doesn't coincide with the full set of (1,0) supergravity constraints. 
Lagrangian gauge transformations which are consistent with these con- 
straints contain nontrivial contributions including the torsion superfield 
and don't coincide with the direct generalization of the flat gauge transfor- 
mations to a curved background. Gauge algebra of the theory was shown 
to be closed and nontrivially deformed as compared to the flat one. The 
requirements leading to the full set of (1,0) supergravity constraints were 
proposed. 

As was shown in Sec. 2, full gauge algebra of the theory turned out 
to be closed. In the case of another dimensions the algebra is open. In 
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the first order formalism, however, the algebra turns out to be closed 
again [13], and one can directly generalize the analysis of the present 
paper to the case of another dimensions. For example, in the case of (1,1) 
superspace the situation looks quite analogously and the results will be 
published later. We hope as well, that similar analysis can be fulfilled for 
the superstring case too. 
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